In her informative paper on the construction of pandiagonal magic squares, Dame Kathleen Ollerenshaw [1] conjectured that there are no Knut Vik (or Latin pandiagonal) sudoku squares of order 9. In a subsequent letter, Boyer [2] confirmed that there are no such squares of order 2k and 3k since the nonexistence of Knut Vik squares of such orders was proved by Hedayat [3] . However, this fact does not preclude the existence of pandiagonal sudoku squares. Here we present systematic methods of constructing pandiagonal sudoku squares of order k 2 and Knut Vik sudoku squares of order k 2 not divisible by 2 or 3.
Definitions
For our purposes, an order-n Latin square matrix has the integer elements 0, 1, . . . , n− 1 on all rows and all columns which thus sum to the index m = n (n − 1) /2 .
Thus, a Latin square also is semi-magic. In a pandiagonal square all 2n broken diagonals (with wraparound) in both directions sum to m. A Knut Vik square is a Latin square that has the integers 0, 1, . . . , n − 1 on all broken diagonals; thus, it also is pandiagonal. A sudoku square is a Latin square of order n = k 2 whose n main, order-k subsquares also contain the integers 0, 1, . . . , n − 1. We define a super-sudoku square as a sudoku square with the additional property that all n 2 of its order-k subsquares, including broken ones, sum to m.
Pandiagonal Sudoku Squares
By the foregoing definitions, the nonexistence of a Knut Vik sudoku square does not preclude the existence of a pandiagonal sudoku square of the same order. For example, here is a pandiagonal super-sudoku square matrix of order 9: 
which is formed by a simple row-wise permutation scheme. This square is not Knut Vik (none of order-9 exist). It can be decomposed into two auxiliary matrices as
wherê 
The form ofŜ 9 shows that S 9 is a pandiagonal super-sudoku square.
The permutation scheme used to construct the pandiagonal super-sudoku square (2) can be generalized to construct pandiagonal super-sudoku squares of order n = k 2 .
Also, the simple form ofŜ 9 can be generalized toŜ n n = k 2 with elementsŜ (n) ij given byŜ (n)
Then
is a pandiagonal super-sudoku square of the same permutation form as S 9 . The pandiagonal and super-sudoku properties ofŜ n can be verified using formulas given by Nordgren [4, 5] . In addition, we observe that a natural pandiagonal magic square M n with elements 0, 1, · · · , n 2 − 1 can be constructed from a pandiagonal super-sudoku square S n of odd order n by the auxiliary square formula
where R is the reflection matrix with 1 on its cross diagonal (top-right to bottom-left) and 0 for all other elements. Here, S n and its reflection about its vertical centerline, S n R, are seen to be orthogonal (as defined in [1, 4] ). For example, for n = 9, from (2) and (7), we obtain 
in which all 3 by 3 subsquares, including broken ones, also sum to the index 360.
Knut Vik Sudoku Squares
Boyer [2] gives a Knut Vik sudoku square of order 25, the lowest order for which such a square exists. However, he does not indicate the method of constructing it nor how to construct such squares of higher order. On decomposing Boyer's square, we find a general method of constructing a Knut Vik sudoku square V n from auxiliary squares using
for order n = k 2 not divisible by 2 or 3. The first auxiliary matrix V ′ n has the same submatrix A k for its n sudoku subsquares, where A k is the order-k submatrix with integers 0, 1, . . . , k − 1 on its main diagonal which is then replicated via a chess knight's move of right two/down one (with wraparound), e.g., for n = 25, k = 5
The form of the second auxiliary matrix V ′′ n is illustrated for n = 25, k = 5 by 
Here, B is formed by starting its first column with the first column of A 5 and replicating via a chess bishop's move of down one/right one (with wraparound). Next, C is formed by shifting the rows of B up one row (top row to bottom) and similarly for C ⇒ D ⇒ E ⇒ F which form the first column of V starts with submatrix C which has the element 2 in its upper-left corner and so on. The submatrices in each column progress downward in the same order as in the first column (with wraparound).
Higher-order Knut Vik sudoku squares can be constructed in a similar manner with the elements of V n given by
i, j = 1, 2, . . . , n, n = k 2 , n mod 2 = 0, n mod 3 = 0 .
The order-k sudoku squares again form a Knight's move pattern of left two/down one (with wraparound). A detailed analysis shows that V n from (13) is a Knut Vik sudoku square. As in the construction of pandiagonal magic squares given in [1] and [4] , the knight's move patterns of A k and V ′′ n , as embodied in (13), do not work when the order n = k 2 is a multiple of 2 or 3, i.e., when a Knut Vik square does not exist. An order-25, Knut Vik sudoku square of the form given by Boyer [2] follows from (13). Also, a natural pandiagonal magic square can be constructed from a Knut Vik sudoku square using (7). Example pandiagonal and Knut Vik sudoku squares constructed by the methods presented here are given in the Appendix.
Appendix: Examples
Here we present more examples of pandiagonal and Knut Vik sudoku squares constructed using Excel c and Maple c in the Scientific WorkPlace c program. The special properties of these squares are verified using defining formulas from [4] or [5] which are reviewed next.
Definitions
First we define two permutation matrices that are used in what follows. Let R denote the order-n reflection matrix with 1 on its cross diagonal (top-right to bottom-left) and 0 for all other elements. For a given order-n matrix M, the operation RM reflects the elements of M about its horizontal centerline and M R reflects the elements of M about its vertical centerline.
Let K denote the order-n shifter matrix that has all elements 0 except K (1, n) = 1 (upper right corner) and K (i, i − 1) = 1 , i = 2, 3, · · · , n (diagonal below the main diagonal). It can be defined by
where δ (k) is the Dirac delta for integers, defined as
and in Maple c as the function
The operation KM shifts rows of M down one (and bottom row to top) while M K shifts columns of M one to the left (and first column to last). Power operations K i M and M K i give rise to repeated shifts. The following identities can be easily verified:
An order-n matrix M is semi-magic if the sums of all its rows and all its columns equal the same index m, i.e., if
where u is an order-n column vector with all elements 1 and U is an order-n matrix with all elements 1 . The matrix M is magic if in addition to (18) its main diagonal and cross diagonal also sum to m, i.e., if
By these definitions, a magic square also is semi-magic and a semi-magic square may or may not be magic. Subscripts are used to denote special classes of M. The matrix M N is natural if its elements are integers in the numerical sequence 0, 1, . . . , n 2 − 1. The natural property of M N can be verified by sorting its elements into numerical order or from checking that
where Ω is any order-n matrix that has no zero elements. The index of a natural magic or semi-magic square is
An order-n square matrix M P is pandiagonal if all its broken diagonals (of n elements) in both directions sum to the index m, i.e., if
Also, the pandiagonal property of M P can be verified from the identities
A square that is pandiagonal and magic is called panmagic. An order-n Latin square matrix M L has the integer elements 0, 1, . . . , n − 1 on all rows and all columns which thus sum to the index
Thus, a Latin square also is semi-magic. The Latin square property of M L can be verified by sorting its rows and columns into numerical order or from checking that
An order-n Knut Vik square V is a Latin square that has the integers 0, 1, . . . , n − 1 on all broken diagonals; thus, it also is pandiagonal. The Knut Vik diagonal property of V can be verified by sorting its diagonals into numerical order or by checking that
A sudoku square S is a Latin square of order n = k 2 whose n main, order-k subsquares also contain the integers 0, 1, . . . , n − 1. The sudoku property of a square can be verified by sorting the elements of its sudoku subsquares or by checking a matrix equation formed by first defining the order-n permutation matrix H in terms of submatrices
where K k is an order-k shifter matrix and O k is an order-k matrix with all elements 0. Then, S is a Sudoku square if
We define a super-sudoku square as a sudoku square with the additional property that all n 2 of its order-k subsquares, including broken ones, sum to m. The super-sudoku sum property of S can be verified from
Pandiagonal Sudoku Squares
For n = 9, by (5) and (6), we have 
and (14) gives 
The pandiagonal condition (23) for s 9 can be evaluated using Maple c as follows:
which verifies that s 9 is pandiagonal. The sudoku condition (28) can be verified with h 9 from (27) as 
The verification of (28) can be done in Maple c by examining each term in the sum
The super-sudoku sum equation (29) can be evaluated using Maple c as
which, together with the sudoku property, verifies that s 9 is super-sudoku. A natural panmagic square with elements 0, 1, . . . , 80 can be constructed from (7) as M 9 (i, j) = 9S 9 (i, j) + S 9 (i, 10 − j) ≡ m 9 , i, j = 1, 2, . . . , 9, (36) 
Checking properties of M 9 (i, j), we find that
which verifies that M 9 is a panmagic square whose 81 3 by 3 subsquares all add to m = 360 . The natural property can be verified from (20) by examining each term in the sum
For n = 16, by (5) and (6), we have 
i, j = 1, 2, . . . , 16,
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Again, it is clear from the structure of t 16 and t T 16 that s 16 is a panmagic super-sudoku square as can be verified from the defining formulas as before. Note that the elements of s 16 follow the same permutation scheme as those of s 9 in (30).
A panmagic square can be constructed from S 16 (i, j) as 
However, this square is not natural as it contains many duplicate elements. As before, it can be verified that that m 16 is a panmagic square whose 4 by 4 subsquares all add to m = 2040 . Higher order-k 2 pandiagonal super-sudoku squares can be generated and studied in a similar manner. For such squares, we conjecture that a panmagic square formed from (7) is natural only when k is odd.
Knut Vik Sudoku Squares
According to (13), an order-25 Knut Vik sudoku square (the lowest possible order) is generated by
i, j = 1, 2, . . . , 25 .
We also can express V 25 in terms of order-5 submatrices A k as
where, as indicated by (9), (11), and (12), 
As noted after (13), this square is essentially the same as the one given by Boyer [2] . It differs only by a shift of columns and the addition of 1 to each element. Knut Vik sudoku squares V n of higher order n = k 2 (k not divisible by 2 or 3) can be constructed in a similar manner as for n = 25. An order-49 of this type has the form
where the submatrices W i are given by (13) as 
The algorithm (13) for Knut Vik sudoku squares can be compared with the following algorithm for Knut Vik squares of prime order n > 3 due to Euler as noted by Hedayat [3] :V n (i, j) = (λi + j) mod n, λ = 0, 1, n − 1 .
For nonprime n not divisible by 2 or 3, Hedayat gives additional restrictions on λ. The squares generated by (48) are cyclic, whereas V n generated by (13) are not. The k by k sudoku subsquares of V n are natural and semi-magic. In addition, a natural panmagic square follows from V n using an equation of the form (7) since V n and V n R are orthogonal as can be shown by an extension of Brée's orthogonality criterion as derived by Nordgren [4] . For this extension, note that in each column of sudoku squares each number follows a path that starts in the first column and progresses down k + 1, right two (with wraparound in the column). Furthermore, the sudoku squares themselves follow a knight's move pattern. Therefore, as in [4] , analysis shows that the paths for each number pair in V n and V n R intersect only once and orthogonality follows.
